The internal energy, entropy and Helmholtz free energy of liquid alkali metals, viz. Na, K, Rb and Cs are investigated using pseudopotential perturbation scheme based on Gibbs-Bogoliubov variational technique. A local pseudopotential is applied to describe the electron-ion interaction in the liquid alkali metals. To introduce the exchange and correlation effects, the local field correction function proposed by Taylor is employed. The computed values for internal energy, entropy and Helmholtz free energy for the liquid alkali metals are in excellent agreement with the experimental data.
Introduction
The Gibbs-Bogoliubov variational approach to investigating the thermodynamic properties of liquid alkali metals using pseudopotentials theory is well established and very effectively used in the past [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . In such type of studies, one is concerned with choosing an appropriate reference system for the structure and the pseudopotential for electron-ion interactions. In all the above studies, people have used hard sphere (HS) [4] [5] [6] [7] [8] or one-component plasma (OCP) [9] or optimized random phase approximation [10] or charged hard sphere (CHS) [11, 12] or soft sphere (SS) [13, 14] as a reference system. For the electron-ion interactions they have employed either Ashcroft empty core model (AS) [15] or Heine-Abarenkov model (HA) [16] or Harmonic model potential (HMP) [17] or Generalized nonlocal model potential (GN-MP) [13] or energy independent nonlocal model potential (EINMP) [7, 8] . Singh and Singh [4] have reported the thermodynamic properties of alkali metals at 373K and noticed that for the alkali metals, the results of Helmholtz free energy due to AS model deviate from the experimental data 1.55% to 4.07%. The outcome due to HA model gives 0.24% to 2.47% deviation from the experimental findings. In the case of HMP, this deviation is 6.62% to 14.65%. They have employed hard-sphere reference system for structure contribution. In comparison to AS and HA model, the results due to HMP are poor. All such studies reveal that the accuracy of the results depends on the application of model potential. The different forms of the model potential have generated different values of the thermodynamic properties. Hence, we thought it worthwhile to investigate thermodynamic properties of alkalies using our model potential [18] [19] [20] .
This paper deals with the computation of thermodynamic properties of liquid alkali metals Na, K, Rb and Cs at 373 K based on Gibbs-Bogoliubov (GB) variational technique. In the present work we choose the hard sphere reference system which provides analytical representation in term of single parameter, σ known as hard sphere diameter [21, 22] and instead of working with historical model potentials like AS model and HA model, we have used our own single parametric model to describe electron-ion interaction [18] [19] [20] .
The expression for our well established model potential in real space is [18] [19] [20] ,
The Fourier transform in reciprocal space is [18] [19] [20] ,
Here Z, Ω, q and r c are the valency, atomic volume, wave vector and the potential parameter, respectively. The parameter r c is evaluated using zero pressure condition. This method of determination of parameter is independent of any fitting procedure with the observed quantities. As parameter is determined with the zero pressure condition, it leads the system into the equilibrium position with minimum energy. This model potential is the modified version of the Ashcroft's empty core model. It is continuous in r space. In comparison with the other historical model potential [15, 16] we have introduced some repulsive part outside the core which vanishes faster than only Coulomb potential −Ze 2 /r as r → ∞. Moreover, it may be noted that the inclusion of this repulsive term outside the core makes the effective core smaller than the ionic radius of a free ion.
Theory
For the investigation of thermodynamic properties of liquid metals, the Helmholtz free energy, F , lies at the heart of the pseudopotential perturbation scheme. The standard thermodynamic relation for the free energy is [2] [3] [4] 
where, E is the internal energy and S is the entropy of the system at a temperature T .
Under the usual perturbation theory, the internal energy E can be expressed as [2] [3] [4] ,
Here the first term E ion is composed of kinetic energy {(3/2)k B T } of ions plus the contribution due to ion-ion interactions, usually known as Madelung contribution. Thus, we write [2] [3] [4] ,
where Z is the valency and a(q) is the structure factor. For the structure dependent contribution, the structure factor, a(q), for liquid metals is calculated from the Percus-Yevick solution for hard sphere fluids which is characterized by the hard sphere diameter (σ) or, equivalently, by the packing fraction η = (πσ 3 /6Ω). Here we have considered η = 0.45 as described by Ashcroft and Langreth [21, 22] .
The term E elec in equation (2.2) is the energy of the homogeneous electron gas which is the sum of kinetic energy of electrons, exchange energy, correlation energy, and the low temperature specific heat contribution for the electron gas. Hence, the expression for E elec becomes [2-4]
(2.4) with k F is the Fermi wave vector and N is the total number of atoms.
In the framework of pseudopotential second ordered perturbation theory E elec−ion has been obtained by [2] [3] [4] ,
5) where, the first term on right hand side represents the first order energy and the second is the band structure energy. Here, V 0 (q) is bare ion pseudopotential and ε(q) is the modified Hartree dielectric function [23] . ε(q), which takes into account the conduction electrons interaction, is of the form
In this expression ε H (q) is the Hartree dielectric function and G(q) is the correction factor for the exchange and correlated motion of the conduction electrons. In the present study we consider the local field correction G(q) due to Taylor [24] . The second most essential part of investigating the free energy is the entropy, S, of the hard sphere fluids. Using the information of hard sphere diameter (σ) or packing fraction η, one can evaluate the entropy, S, as [2] [3] [4] .
, (2.9)
10)
(2.11)
Results and discussion
We have calculated various contributions to the internal energy, entropy and Helmholtz free energy of Na, K, Rb and Cs at 373 K. In expressions (2.3) and (2.5), the integration has been carried out up to 40k F to avoid any artificial cutoff in the calculation and to achieve proper convergence. The input parameters used in present calculation are shown in table 1.
The presently calculated values of internal energy, entropy and Helmholtz free energy are compared with experimental [25] as well as other theoretical data [4] in tables (2)-(4). Singh and Singh [4] have reported internal energy and entropy using AS model, HA model and HMP. In the case of Na reported data of Helmholtz free energy, there are deviations 4.07%, 2.47% and 6.62% due to AS model, HA model, HMP, respectively. For K these deviations are 4.02%, 0.24% and 9.08%. For Rb 1.55%, 1.041% and 12.72% while for Cs these are 3.64%, 0.42% and 14.65%.
The deviation of the Helmholtz free energy from the experimental values in the present study are 1.4% for Na, 0.41% for K, 0.71% for Rb and 2.84% for Cs, which one can consider within the experimental error bar. Thus it is confirmed from tables 2 and 3 that the presently calculated values of internal energy and entropy are in good agreement with experimental data as well as one of the best results among the other reported data [4] . This confirms the applicability of our model potential in the 
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